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The Rashba spin-orbit coupling in nanostructures is an important parameter 

that can affect their physical properties. Hence, it is demonstrated that the 

nonlinear optical properties of quantum dot such as second harmonic 

generation and optical rectification can be controlled by the Rashba spin-orbit 

coupling. Also, the effect of electric field and confinement potential strength 

on the nonlinear optical properties is examined. Our numerical study shows 

that magnitude of the second harmonic generation raises when the Rashba 

strength increases, while its peak position is not shifted. Moreover, the optical 

rectification of doped asymmetric quantum dot shifts to higher energies when 

the electric field enhances.   

 

1 Introduction 
 

 Nonlinear optical phenomena are “nonlinear” in the 

sense that they occur when the response of a material 

system to an applied optical field depends in a nonlinear 

manner on the strength of the optical field. The 

nonlinear response of the material’s polarization to the 

electric field of incident light causes the nonlinear 

behavior of the environment. In fact, nonlinear optical 

properties describe the interaction of light with material, 

in which the material’s optical response is highly 

dependent on the incident light. For example, second-

harmonic generation (SHG) occurs as a result of the part 

of the atomic response that scales quadratically with the 

strength of the applied optical field. Consequently, the 

intensity of the light generated at the second-harmonic 

frequency tends to increase as the square of the intensity 

of the applied laser light. Furthermore, the optical 

rectification can takes place in the nonlinear 

environment, in which a static electric field is created 

across the nonlinear structures.  

 Among the various structures, nonlinearity of the 

semiconductor quantum dot (QD) is very remarkable. 
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This quantum structure has some advantages such as 

large transition matrix elements between different 

quantum levels and the energy spectrum similar to the 

atomic or molecular systems [1]. Also, QDs can be an 

ideal candidate for light encoding due to their narrow 

emission spectrum. The possibility of manipulation of 

these structures implies them to be used in solar cell 

transistors, LEDs, medical imaging, and quantum 

computing. Adding the impurity atoms is one way to 

manipulate the quantum dots and control their optical 

properties [2-7]. Among the nonlinear optical properties 

in nanostructures, the SHG and nonlinear optical 

rectification (NOR) have attracted a lot of attention [8-

20]. These quantities have been widely studied in 

quantum wells. For example, Qiucheng, et. al studied 

the second-harmonic generation in a quantum well by 

solving the Schrödinger equation with position-

dependent mass [13]. Also, the SHG has been 

investigated in quantum wells under applied electric and 

magnetic fields [14]. Martínez. et. al investigated the 

nonlinear optical properties in a double quantum well 

[15]. Cakir et. al. and Karabulut et. al. investigated the 

impurity effect on the linear and nonlinear optical 

properties of a spherical QD [16]. Rezaei et. al. 

discussed the effects of hydogenic impurity confined in 

a quantum dot under the external perturbations on the 

linear and third order nonlinear optical properties [17]. 

Chen et. al. calculated the nonlinear optical rectification 

of impurity with ellipsoidal confinement potential in the 

presence of applied electric field [18]. Yilmaz 

investigated the binding energies of ground state, 

excited states, OR and oscillator strength in a spherical 

quantum dot having parabolic confinement with an off-

center hydrogenic impurity without the magnetic field 

and under an applied electric field [19]. Shojaei and 

Soltani-Vala theoretically studied the effect of 

combined electric and magnetic field on OR in a two 

dimensional disk-like quantum dot with parabolic 

confinement potential and hydrogenic impurity [20]. 

All studies have shown that external factors such as 

impurities, electric and magnetic fields, pressure and 

temperature can change the nonlinear optical properties 

of nanostructures. But the effect of Rashba spin-orbit 

coupling (SOC) and electric field (magnitude and 

direction) in a doped asymmetric quantum dot with 

Gaussian impurity on the nonlinear properties has not 

been studied in more detail. Therefore, in this paper, an 

asymmetric quantum dot is assumed and all the 

calculations are done in the framework of effective 

mass approximation and the formulation of the density 

matrix. In fact, we show that the different SOC 

strengths, direction, and magnitude of electric field can 

be used to control the optical response of quantum dots 

for practical applications such as double-frequency light 

production (SHG) and optical rectification. In my 

pervious paper, the role of Rashba spin-orbit interaction 

in the thermal properties of a doped quantum dot has 

been studied [21].  

2 Model and theory 

 In general, dependency of the polarization of a material 

on the strength of an applied optical field shows the 

nonlinear behavior of structures. In the case of 

conventional (i.e., linear) structures, the induced 

polarization depends linearly on the electric field 

strength. But, in nonlinear materials, the optical 

response can often be described by expressing the 

polarization as a power series in the field strength. So 

that, the coefficient of the square of field represents the 

second-order optical propFerties. The second-order 

polarization consists of a contribution at zero frequency 

and a contribution at frequency 2ω. The latter 

contribution can lead to the generation of radiation at 

the second-harmonic frequency. This is while the first 

contribution does not lead to the generation of 

electromagnetic radiation; it leads to a process known 

as optical rectification, in which a static electric field is 

created across the nonlinear material [22-24]. The 

second-harmonic generation (χ�ω
(�)

) and optical 

rectification (χ(
ω

)) can be calculated as follows [25, 

26]: 

χ��
(�)

= e	NM�
M
�M��
ε�h�(ω − ω
� + iΓ
�)(2ω − ω�� + iΓ��) ,        (1�) 

χ(ω) = 4e	NM�
� δ�

ε�h�  

×
ω
�� �1 + T
T��  + (ω� + 1

T��
) �T
T�  − 1�

 (ω
� −  ω)� + 1
T��

!  (ω
� +  ω)� + 1
T��

!
,           (1b) 

 

where, ћω, N, ε0, 


Γ#$

= 

Γ%$

= 

Γ

, T
, and T� are the 

incident photon energy, the carrier density in the QD, 

the permittivity of vacuum, the relaxation time, 
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longitudinal and the transverse relaxation times, 

respectively. The transition matrix elements (M&') and 

δ�
 are defined as M&' = ()ψ&|e ∙ r(ψ'-( and δ�
 =
()ψ�|e ∙ r(ψ�- − )ψ
|e ∙ r(ψ
-( where i, j=0, 1, 2. 0, 

1 and 2 refer to ground, first and second excited states, 

respectively while “r” represents the incident light 

polarization. From Eq. (1a), it is seen that the second-

harmonic generation has two maximum values whose 

positions are strongly dependent on the transition 

energy between the ground and the first excited state 

(ω
� = E
 − E�/ћ) and the transition between the 

ground and the second excited state (ω�� = E� −
E�/ћ). Also, the maximum values of the SHG and OR 

were determined by the product of the transition matrix 

elements between the aforementioned three states 

(M�
M
�M��) and geometric factor (GF) (M�
� δ�
), 

respectively. 

 In this work, the quantum dot is a nanometer-scale blob 

of narrow-bandgap semiconductor (i.e. InAs), 

surrounded by a wider-bandgap semiconductor. This 

structure is assumed as a disk in two-dimensional x-y 

plane with assuming that the z-direction can be 

considered zero. The confinement potential of QD 

becomes asymmetric harmonic oscillator potential that 

means the oscillator strength in two dimensions of ‘x’ 

and ‘y’ (ћω�0 and ћω�1) is different. Moreover, this 

disk-like QD is doped with adding the impurity atoms 

whose potential becomes Gaussian. In order to obtain 

the energy levels (E) and wave-functions (Ψ), The 

Schrodinger equation of one electron in a doped QD 

(HΨ = EΨ) should be solved. Within the framework 

of effective mass approximation, the Hamiltonian (H) 

of a doped QD in the presence of external electric field 

(F) with including the Rashba SOC is given by 

H = 1
2m∗ �p67 − e

c A667�� + 1
2 m∗〖(ω〗�0� x� + ω�1� y�>

+ eFx cosφ + V&DE(x, y)
+ αG

ħ Iσ × �p67 − e
c A667�K

L
,                     (2) 

where the first and second terms are the kinetic energy 

and asymmetric harmonic oscillator confinement 

potential of carriers in QD, respectively. With the 

advances in synthesizing quantum dots, the different 

shapes of dots can be modeled [27-31]. Hence, various 

types of confinement potentials have been theoretically 

proposed and investigated that among them, the 

parabolic potential can be appropriate. (p67 − M
N A667) is the 

canonical momentum where the vector potential (A667) is 

given as A667 = O
� (−y, x, 0) (B is the magnetic field). ‘F’ 

and ‘φ’ are the magnitude and direction (angle between 

the applied electric field and x-axis) of the applied 

electric field. The fourth term (V&DE(x, y) =
V�eQ[(0Q0$)%S(1Q1$)%] U%⁄ ) is the Gaussian impurity 

potential; where V� is the impurity strength with V� > 0 

(V� < 0) for a repulsive (an attractive) impurity and “d” 

is an impurity parameter that determines the amount of 

spatial distribution of the impurity [32]. Also, (x�, y�) 

denotes position of the impurity center in the quantum 

dot. The last term is Rashba SOC where αG is the 

Rashba coupling coefficient which can be controlled by 

the gate voltage applied in the z-direction. Spin-orbit 

interaction is one of the most essential interactions in 

nanostructures. SOC is described by two different 

sources of potential asymmetries: (i) the first one arises 

from the bulk inversion asymmetry, in which the crystal 

lacks a center of space inversion. The spin–orbit 

coupling caused by this inversion asymmetry is known 

as a Dresselhaus interaction [33], (ii) the second one 

arises from the structural inversion asymmetry known 

as a Rashba interaction [34] which is only possible in 

low dimensional systems where the semiconductor 

loses the symmetry in the growth direction.  

 The electronic structure of doped QD is obtained by 

solving the matrix form of the Hamiltonian presented 

by Eq. (2) within the exact diagonalization method by 

expanding the matrix in basis of the eigen-function of 

the confined electron in two-dimensional asymmetric 

oscillator potential 

 ΨZ,D(x, y) = ∑ ∑ CZDφZ(x)φD(y)DZ , 

 φZ(x) = 1
√2Zn! ` α0

√πb

�  eQcd%0%

�  HZ(α0x),   α0

= `m∗ω�0
ħ b


 �⁄
,

φD(y)
= 1

√2Dm! ` α1
√πb


�  eQce%1%
�  HDfα1y>,   

with α1 = (D∗�$e
ħ )
 �⁄ , cnm are the variational 

parameters and HZ is the nth-order Hermite 

polynomial). With replacement of the  operator 

forms of xg, yg,  p0h and p0h in the Hamiltonian 
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represented by Eq. (2) using the annihilation  (a0 =
jD∗�$d

�ћ (xg + &
D∗�$d p0h) and a1 = jD∗�$e

�ћ (yg +
&

D∗�$e p1h)) and creation operator        (a0S =
jD∗�$d

�ћ (xg − &
D∗�$d p0h) and a1S = jD∗�$e

�ћ (yg −
&

D∗�$e p1h)), the matrix elements of Hamiltonian 

(ln, m|H|nm, mmn) are given by 

)o, p(q(o′, p′-
= so, ptħu�v �12 + �vw�v� to′, p′x
+ so, ptħu�y �12 + �yw�y� to′, p′x
+ zn, m {αG|2m∗ħω�04ħ fa0σS + a0wσQ−a0σQ
− a0wσS>(n′, m′-
+ zn, m {iαG|2m∗ħω�14ħ fa1wσS −  a1σQ + a1wσQ
−  a1σS>(n′, m′-
+ zn, m{ eFcosφ2 j 2ħm∗ω�0 (a0 + a0w){n′, m′}
+ )n, m(V&DE(n′, m′-.                                                         (3) 

where σ± = σ0 ± iσ1 and the matrix elements of 

V&DE are given by [35] as 

(V&DE)Z,D;Z�́,D�

= D0D1 � � f(k, n, nm) g �l, m, mm � �
D&Z`D,D� � b

���

D&Z`Z,Z� � b

���
, (4) 

where D0 = Aλ0π
 �⁄ δ0⁄ , f(k, n, nm) =
2� k!  ZC�  Z�́C� (1 − α0∗ �)����́

%  Q�  HZSZ�́Q��(α
ρ0), 

D1 = Bλ1π
 �⁄ δ1�  and g `l, m, mḿ ́b =
2� l! DC�  D�́ ́C�(1 − α1∗ �)����́ ́

%  Q�  HDSD�́ ́Q��(β
ρ1)     

with A = α (2ZSZ�  n! nm ́ ́! π)
 �⁄⁄ , α0∗ = α δ0⁄ ,                  
λ0 = exp [−x��(δ0� − 


U%) d�δ0�� ], δ0� = α0� + 

U%,                    

ρ0 = x� d�δ0⁄ ,   α
 = α0∗ (1 − α0∗ �)
 �⁄⁄ ,  α1∗ = α δ1⁄                

B = α (2DSD�́  m! mḿ! π)
 �⁄⁄ , δ1� = α1� + 

U%,           

 λ1 = exp I−y�� �δ1� − 

U%� d�δ1�� K ,   ρ1 = y� d�δ1,⁄  

 β1 = α�∗ (1 − α�∗ 2)1 2⁄⁄ , and ZC� = Z!
(ZQ�)!�!.       

In our numerical calculations, eigenvalues of 

Hamiltonian matrix converge are for dimension of 28 × 28. Therefore, energy eigen-values of a 

doped QD can be obtained within the exact 

diagonalization method. 

3 Results and Discussion  

 In this section, the results of numerical calculations are 

shown for the InAs quantum dot. The values of the 

parameters in this calculation are: m∗ = 0.023mM (mM 

is the electron mass), Γ = 0.5 × 10
� sQ
, N = 3.59 ×10�� mQ	, T
 = 1 ps, T� = 2 ps. 

 Firstly, we report the effect of the Rashba coupling 

factor on the nonlinear optical properties (SHG and OR) 

of a doped asymmetric QD. In order to provoke a 

structure to exhibit nonzero optical rectification 

response, the rotational symmetry must be broken. To 

achieve this aim in nanostructures, simultaneous 

presence of impurity and external electric field is 

essential. For this reason, the effect of αG on the 

nonlinear optical properties of a doped asymmetric QD 

with on-center Gaussian impurity under the electric 

field (F = 0.5 kV cm� ) has been investigated. In Figs. 1 

and 2, SHG and OR of a doped asymmetric QD with 

confinement potential of ћω�0 = 3 meV, ћω�1 =
4 meV and repulsive (attractive) impurity as a function 

of the incident photon energy with x-direction 

polarization for various Rashba spin-orbit coupling 

strength has been demonstrated, respectively. 
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Figure 1. The top panel shows the second harmonic generation and 

the bottom panel shows the optical rectification of a doped 

asymmetric QD with on-center repulsive impurity (V0= 32 meV, 

d=5 nm) as a function of the incident photon energy with x-direction 

polarization for various Rashba spin-orbit coupling strength at fixed 

electric field � = �. � ��  ¡� . 

 

 

 

 

 

 

 

 

 

 

 

Figure 2. The top panel shows the second harmonic generation and 

the bottom panel shows the optical rectification of a doped 

asymmetric QD with on-center attractive impurity (V0= -32 meV, 

d=5 nm) as a function of the incident photon energy with x-direction 

polarization for various Rashba spin-orbit coupling strength at fixed 

electric field � = �. � ��  ¡� . 

By increasing the Rashba coupling, the value of SHG 

increases while the peak position does not change as 

observed in the top panels of Figs. 1 and 2. The reason 

for this behavior is that by including the spin-orbit 

coupling, all energy levels of QD decrease. Then, the 

overlapping of wave-functions (M�
M
�M��) and SHG 

magnitude enhance. It should be noted that the behavior 

of QD energy levels versus spin-orbit coupling strength 

has already examined in our pervious paper [36]. On the 

other hand, the effect of Rashba coupling on the optical 

rectification of a doped asymmetric QD has been shown 

in the bottom panels of Figs. 1 and 2 for repulsive and 

attractive impurity, respectively. It is clear that the 

enhancement of the spin-orbit coupling decreases the 

light rectification. This behavior is related to the 

reduction of the geometric factor (GF) versus αG, 

which can be seen in Fig. 3.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3. The geometric factor (GF) of a doped asymmetric QD with 

on-center (top panel) repulsive (V0= 32 meV, d=5 nm) and (bottom 

panel) attractive (V0= -32 meV, d=5 nm) impurity versus Rashba 

spin-orbit coupling strength. 

In the following, effect of the confinement energy ratio 

in a two dimensional plane of QD (ћω�0 ћω�1⁄ ) 
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(degree of QD anisotropy) on SHG and OR is studied 

as presented in the top and middle panels of Fig. 4. It is 

expected that the transition matrix elements (M&' =
()ψ&|x(ψ'-() for strong confinement energy decrease 

due to more localized wave-function. Therefore, 

magnitude of SHG and OR decrease when the degree of 

QD anisotropy increases. Also, it is clear that degree of 

QD anisotropy leads to peak position blue-shifts. The 

reason for this behavior is that the transition energy 

between the ground and first excited states (∆E
� =E
 − E�) increases when the carriers are confined 

strongly as illustrated in the bottom panel of Fig. 4.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4. The top panel shows the second harmonic generation, the 

middle panel shows the optical rectification, and bottom panel 

shows the transition energy of a doped asymmetric QD with on-

center repulsive impurity (V0= 32 meV, d=5 nm) as a function of 

the incident photon energy with x-direction polarization for various 
ω�0

ω�1�  at fixed electric field and Rashba coupling (F =
0.5 kV cm�  and αG = 20 meV. nm). 

 In Fig. 5, we have investigated SHG and NOR of a 

doped asymmetric QD for various electric fields with φ

=0o, respectively. The top panel of Fig. 5 depicts that by 

applying the external electric field, energy levels reduce 

and wave-function overlapping increases. Then, 

magnitude of SHG enhances. On the other hand, at 

strong electric fields, additional confinement of electron 

in QD occurs, then wave-functions are localized and GF 

reduces. Also, enhancement of the electric field leads to 

increase of the transition energy between levels. 

Therefore, position of NOR peak shifts to higher 

frequencies (blue-shift). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 5. The top Panel shows the second harmonic generation, the 

bottom panel shows the optical rectification of a doped asymmetric 

QD with on-center repulsive impurity (V0=32 meV, d=5 nm) as a 

function of the incident photon energy with x-direction polarization 

for various electric fields at fixed αG = 20 meV. nm.  

 Moreover, the effect of electric field direction (angle 

between applied electric field and horizontal axis) on 

SHG and NOR has been represented in Fig. 6. 
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Figure 6. The top panel shows the second harmonic generation,  the 

bottom panel shows the optical rectification of a doped asymmetric 

QD with on-center repulsive impurity (V0=32 meV, d=5 nm) as a 

function of the incident photon energy with x-direction polarization 

for various direction of applied electric field at the fixed magnitude 

of electric field and Rashba coupling (F = 0.5 kV cm�  and αG =20 meV. nm). 

 

 From the top panel of Fig. 6 we observe that the SHG 

magnitude increases as the angle increases from 0o to 

90o. According to Eq. (2), the term of “F.cosφ” has the 

role of effective electric field, therefore with increasing 

the angle from 0o to 90o, the effective electric field 

decreases and the confinement of carrier reduces; then 

enhancement of wave-function overlapping as well as 

the SHG magnitude occurs, while reduction of the 

effective electric field causes the geometric factor to 

decrease before optical rectification reduces.  

 

 

 

 

4 Conclusions  

 To summarize, we studied the changes of nonlinear 

optcal properties such as SHG and NOR of a doped 

asymmetric QD with repulsive Gaussian impurity 

versus strength of Rashba spin-orbit coupling, 

confinement potential, and applied electric field. Our 

numerical calculations showed that SHG and NOR have 

the tuning capability by changing these parameters; so 

that the maximum value of SHG is obtained by 

increasing the spin-orbit coupling and electric field. On 

the other hand, the effect of confinement strength ratio 

in disk-plane of QD on the nonlinear optical properties 

of QD was examined. Also, influence of the applied 

electric field direction on SHG and OR has been 

investigated. In fact, have shown that the Rashba 

strength is the key parameter to control nonlinear 

optical properties of QD without shifting the peak 

position. While enhancement of the confinement energy 

leads to the position of SHG and NOR peak shifts 

toward higher energy as the magnitude of optical 

rectification decreases.  
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