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In this work, we have studied the miniband and minigaps of GaN/AlN constant total 

effective radius multi-shells quantum dots (CTER-MSQDs) and Rings (CTER-

MSQRs). We have investigated effects of the Hydrogenic donor impurities, quantum 

dots and rings radii, and the number of wells on miniband formation by sub-band 

energy calculations. We show that in these systems, minigaps can be created and 

then disappeared when the number of wells increases. We observe that cylindrical 

CTER-MSQDs have one miniband more than the spherical CTER-MSQD. 

However, minibands of the cylindrical CTER-MSQD are wider. For cylindrical 

systems, the first minigap position can undertake a blue shift but for spherical 

systems, we can not observe this fact. The first minigap position undertakes more 

blue shifts when the inner QD radius R1 increases. Thus, the number of wells, 

Hydrogenic donor impurities, and quantum dot & ring radii can be used as tuning 

tools to have a system with the typical number of minibands and minigaps with 

desired widths. 

. 

1 Introduction 
 

 Confinement of electrons in lower dimension 

electronic systems can lead to striking modifications of 

the energy spectrum when compared with the three-

dimensional case. The free motion will be quantized 

into electronic sub-bands [1]. Information about these 

states can be obtained through different spectroscopies, 

like tunneling Raman interband optical spectroscopy 

and intraband infrared spectroscopy.  

 Well-known periodic structure Superlatices do not 

exist in the nature. They are formed as a new category 

of man-made structures proposed by Esaki [2] before 

being experimentally fabricated [3-4]. Formation of 

minibands in superlattices led to their outstanding 

situation in electronic transport investigations during 

the last few decades [5-6]. In the way of developing 

the theory of minibands, collapse of the minibands [7-

8], and miniband transport phenomena [9-10] for both 

wide [11] and narrow [12] miniband forms have been 

investigated. In these studies, the device applications 

have always been the underlying motivations. 

Superlattices can have different applications in the 

fabrication of nano-structured devices such as 

resonant-tunneling transistors [13], solar cells [14], 

diodes [15], quantum cascade lasers [16] and detectors 

[17].  

 To tune the physical properties of a multi-well system, 

superlattices with different arranging of building 

blocks such as Fibonacci [18] and Pascal-type [19] 
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superlattices have been studied. Changing of the 

barrier width in studying of the miniband formation 

and miniband widths are also the most frequently used 

methods in the literature [20-21]. Here we have used 

another approach; our approach is based on retaining 

the total length of the structure constant and varying 

the number of wells (Constant Total Effective Length 

systems). In this way, smaller nano-device sizes (one 

of the most challenging parameters in modern 

technologies) and optimized physical properties have 

become our main motivations. Thus, we have studied 

the optical properties of constant total effective length 

multiple quantum well systems [22]. We investigate 

the physical properties of GaN/AlN constant total 

effective radius multi-well quantum rings under well 

number variation effects [23] and the optical properties 

of two-electron [24] with included impurity [25] 

GaN/AlN constant total effective radius multi-shell 

quantum rings and dots, respectively. Along with these 

investigations, we have studied the miniband 

formation procedure in GaN/AlN constant total 

effective radius multi-shell quantum dots [26]. 

 In the present work, we have studied the effect of a 

hydrogenic donor impurity and number of wells on 

miniband formation process in GaN/AlN CTER-

MSQDs and CTER-MSQRs. Our calculation of 

minibands is based on the evaluation of sub-band 

energies through the finite difference method. Finally, 

in order to show the trend of changing the minibands 

and minigaps more clearly, when the number of wells, 

inner or outer QD (or QR) radius changes, we add two 

moving pictures (.gif files), too.   

 In the present work, we have studied the effect of a 

hydrogenic donor impurity and the number of wells on 

the miniband formation process in GaN/AlN CTER-

MSQDs and CTER-MSQRs. Our calculation of 

minibands is based on the evaluation of sub-band 

energies through a finite difference method. Finally, to 

show the trend of changing the minibands and 

minigaps more clearly, when the number of wells, 

inner or outer QD (or QR) radius changes, we have 

also provided two moving pictures, see supplementary 

files. 

  

 

2 Formalism 

Behavior of electrons in quantum dots can be 

described by means of radial part of the spherical 

Schrödinger equation within the effective mass 

approximation by 
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For quantum rings in cylindrical coordinates we have 
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where �∗ is the effective mass and �
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geometrical confining potential which defined by 
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Equation (3) illustrates the shape of the quantum well 

that confines the free carriers such as electrons. For 

electrons, it is equal to the conduction band 

discontinuity at an interface in a quantum hetero-

structure.  For illustration purposes we have presented 

a schematic representation of a typical single-well 

quantum ring system in Figure 1 and depict the 

potential profile versus radius r.  

 

Figure 1: Schematic representation of a typical single-well 

quantum ring system. Here we have depicted the potential profile 

versus radius. 
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We can also define the potential in the same manner. 

Here, N is the number of wells, Vconf is the constant 

relative conduction band offset and i shows the ith well 

or barrier. Mz =0, ±1, ±2…, is the magnetic quantum 

numberwhile L is the orbital quantum number. We 

have used a finite difference method [27] to solve Eqs. 

(1) and (2). We have previously checked the accuracy 

of the used method [29]. 

 

3 Results and discussion   
 

 We have used GaN/AlN CTELSs because of their 

lattice-match with crystal structures. We assume the 

effective mass values as m* = 0.12me and 0.48me for 

GaN and AlN semiconducting systems, respectively 

[28]. The confinement potential is taken equal to 

1.28eV [28]. The given values for the outer radii are 

considered equal to 400, 600, and 1000 Å while for the 

inner radii are considered equal to 0, 350, 500, and   

750 Å.  Note that in the system the inner radius equal 

to 750 Å  corresponds to the outer radius equal to 

1000 Å. We have also supposed that all wells and 

barriers in a system have the same thickness, e.g. in 

three-well CTER-MSQDs we have three wells and 

four barriers which have the same thickness.  

 We have solved the Schrödinger equations (1) and (2) 

using the finite difference method to obtain the energy 

eigenvalues (sub-band energies) and the corresponding 

eigenvectors. In Figure 2, we have plotted the variation 

of the sub-band energies as a function of the quantum 

dot radius for a spherical CTER-MSQD.  The outer 

QD radius has been taken as R2=1000 Å  while the 

inner QD radius has been take as R1=0 Å. The three 

panels of Figure 2 respectively correspond to three 

different orbital quantum numbers (L) equal to 0, 1, 

and 2, where the minibands and minigaps are clearly 

shown. Figures 2a and 2b which correspond to L=0 

and L=1 show four minibands and three minigaps 

while in Figure 2c which corresponds to L=3 shows 

five minibands and four minigaps. Variation of the 

minibands and minigaps is not monotonic when the 

number of wells increases. There is a unique trend in 

all three panels of Figure 2. When the number of wells 

increases, minigaps appear where by further increasing 

the number of wells they disappear.  

 

 

Figure 2. Minibands and minigaps of a spherical CTER-MSQD 

with outer QD radius R2=1000 Å, inner QD radius R1=0 Å, and 

with orbital quantum numbers L=0, 1, and 2 respectively 

corresponding to panels a, b, and c. 

 This is true for all magnetic quantum number Mz and 

L. However, since we have only increased the number 

of wells up to 20, some minigaps, the second and third, 

in Figure 2A have not disappeared. We did not 

increase the number of wells more, because fabricating 

the very thin quantum wells and barriers is not possible 

experimentally. Note that, since we have kept the outer 

quantum dot radius (R2) constant while at the same 

time have increased the number of wells, thus by 

increasing the number of wells, the wells and barriers 

thicknesses  decrease. In the meantime, there is not a 

general statement about the maximum width of the 

minigaps and minibands; as it seems their behavior has 

not a concrete rule. For example, the widest minigaps 

in Figures 2a and 2b are the second ones while in 

Figure 2c the first minigap is the widest one. 

 This is not the behavior we usually see in usual 

superlattices. In usual superlattices, when the number 

of wells increases, the width of each miniband and 

minigap increases where after reaching a maximum 

value remain constant. In the three panels of Figure 2, 

we have chosen the maximum value of the vertical 

axis to be equal to 1300meV because the confinement 

potential for the GaN/AlN heterostructures is equal to 

1.28eV as mentioned earlier. Thus, we can choose a 

special spherical CTER-MSQD with special number of 

wells to have a system with a special number of 

miniband and miniband widths. Now, each number of 

minibands and miniband widths can be achieved for a 
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special heterostructure like GaN/AlN just by varying 

the number of wells.  However, to enable more choices 

when we need a system with a special number of 

minibands and miniband widths, we have changed the 

QD and QR radii. One might as well remove the 

impurity. Recently [26], we have done this by studying 

the procedure of miniband formation in CTER-

MSQDs. Roughly speaking, in the presence of the 

hydrogenic donor impurity, we can have systems with 

bigger minigapgs.  

 Now, if we choose the outer QD radius (R2) equal to 

1000 Å and inner QD radius (R1) equal to 0 Aº we will 

have a cylindrical QD. We have shown the minibands 

and minigaps of a cylindrical CTER-MSQD with 

magnetic quantum numbers Mz=0, 1, and 2 in panels a, 

b, and c of Figure 3.  If we compare Figure 2a with 

Figure 3a we see that the spherical CTER-MSQDs 

have one miniband more than the cylindrical CTER-

MSQD. But, the minibands of the cylindrical CTER-

MSQD are wider. Generally speaking, variation of the 

minibands and minigaps is not monotonic when the 

number of wells increases. However, in panels a and b 

of Figure 3, we see that for systems with number of 

wells greater than eight, the first minigap width is 

approximately fixed but its position is blue shifted, this 

is also true for cylindrical systems, see e.g. Figures 5 

and 7), 

 

Figure 3. Minibands and minigaps of a cylindrical CTER-MSQD 

with outer QD radius R2=1000 Å, inner QD radius R1=0 Å, and 

with magnetic quantum numbers Mz=0, 1 and 2 respectively 

corresponding to panels a, b, and c. 

 In the following we shall see that this fact is true for 

cylindrical systems while for spherical systems there is 

not a general statement.  In panels a and b of Fgure 3, 

for Mz =0 and Mz =1, there are three minibands and 

two minigaps but for Mz =3 it could be seen in panel c 

of Figure 3 that there are four minibands and three 

minigaps. 

 

Figure 4. Minibands and minigaps of a spherical CTER-MSQD 

with QD outer radius R2=1000 , orbital quantum number L=0 and 

inner QD radius R1=0 Å, 350 Å, 500 Å, and 750 Å respectively 

presented in a, b, c, and d.    

 

Figure 5. Minibands and minigaps of a CTER-MSQR with outer 

QR radius R2=1000 Å, magnetic quantum numbers Mz=0, and 

inner QR radius R1=0 Å, 350 Å, 500 Å, and 750 respectively 

presented in panels a, b, c, and d.    
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Figure 6. Minibands and minigaps of a spherical CTER-MSQD 

with QD inner radius R1=0 Å, orbital quantum numbers L=0, and 

outer QD radius R2=400 Å, 600 Å, and 1000 Å º respectively 

presented in panels a, b, and c.    

 At this time, for the spherical CTER-MSQD, we 

choose the outer QD radius (R2) equal to 1000 Å and 

orbital quantum numbers (L) equal to 0. Then, we  

show the minibands and minigaps of the systems with 

different inner QD radius, R1=0 Å, 350 Å, 500 Å, and 

750 Å in panels a, b, c, and d of Figure 4, respectively. 

As we can see, by increasing the inner quantum dot 

radius R1, the minibands turn into some discrete sub-

band energy levels (compare different panels of Figure 

4). Another fact is that by increasing the inner 

quantum dot radius R1, the number of minibands 

gradually decreases. The number of minigaps in 

Figures 4a-4d is equal to 3, 2, 1, and 0, respectively. 

Here, we have calculated the minibands and minigaps 

of a CTER-MSQR with outer QR radius (R2)=1000 Å, 

magnetic quantum numbers Mz=0, and inner QR 

radius R1=0 Å, 350 Aº, 500 Å, and 750 Å. The results 

are shown in panels a, b, c, and d of the Figure 5, 

respectively. Now, the number of minigaps in Figures 

5a-5d is equal to 2, 2, 1, and 1, respectively. As we can 

see in these panels, the width of the first minigap in 

CTER-MSQRs is independent of the inner quantum 

dot reduces. This means that the behavior of the 

minibands is somewhat dependent on the shape of the 

quantum dot. Just as in Figure 3 (but here for systems 

with number of wells greater than six), the first 

minigap width is approximately fixed but its position 

has is shifted. Here, there is a difference.  

 

Figure 7. Minibands and minigaps of a cylindrical CTER-MSQD 

with inner QD radius R1=0 Å, magnetic quantum numbers Mz=0, 

and outer QD radius R2=400 Å, 600 Å, and 1000 Å respectively 

presented in panels a, b, and c.    

 In Figure 3, the amount of blue shift in the position of 

the minigap is the same for panels a and b. This means 

that magnetic quantum numbers Mz do not change the 

amount of blue shift too much. However, in Figure 5, 

we see that the first minigap position undertakes much 

blue shift when the inner QD radius R1 increases. This 

is consistent with the elementary quantum mechanical 

intuition which says that energy levels of a quantum 

well increases by decreasing the well width. e.g. for an 

infinite quantum well: energy levels are: 
2 2 2 22nE n mLp= h , where L is the well width.  

 Now, we study the effect of the outer QD radius R2 on 

the miniband formation scenario. Figure 6 shows the 

minibands and minigaps of a spherical CTER-MSQD 

with QD inner radius (R1) equal to 0 Å, orbital 

quantum numbers L=0, and outer QD radius R2=400 

Å, 600 Å, and 1000 Å presented in panels a, b, and c, 

respectively. In contrast to Figure 4, by decreasing the 

outer quantum dot radius R2, the minibands turn into 

some discrete sub-band energy levels (compare 

different panels of Figure 6). This is because, both 

when we increase the inner QD radius (R1) at fixed 

outer QD radius R2, or when we decrease the outer QD 

radius (R2), at fixed inner QD radius R1, we will have  

narrower quantum wells in the studied system. At this 

time we study the cylindrical QDs. Figure 7 shows the 

minibands and minigaps of a cylindrical CTER-MSQD 

with inner QD radius (R1) equal to 0 Å, magnetic 
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quantum numbers Mz=0, and outer QD radius R2=400 

Å, 600 Å and 1000 Å in panels a, b and c, respectively. 

Just like Figure 6, by decreasing the outer quantum dot 

radius (R2), the minibands turn into some discrete sub-

band energy levels (compare different panels of Figure 

7). Just as before, if we compare Figures 6 and 7, we 

see that the spherical CTER-MSQDs have one  

miniband more than cylindrical CTER-MSQDs. For 

more illustration purposes about the scenario of the 

miniband formation and the effects of different 

parameters on this phenomenon, we have also included 

two moving picture files, see supplementary file. 

 

4 Conclusions 
 

 In the current work, the miniband formation procedure 

in GaN/AlN CTER-MSQDs and CTER-MSQRs under 

the influence of the hydrogenic donor impurity and the 

number of wells was investigated by sub-band energy 

calculations. We showed that when the number of 

wells increases, minigaps create where by further 

increasing the number of wells they annihilate. This 

was true for all magnetic quantum number Mz and L. 

There was not a general statement about the maximum 

width of the minigaps and minibands as it seems their 

behavior have not a concrete rule. In the presence of 

the hydrogenic donor impurity, we could have systems 

with bigger minigapgs. Cylindrical CTER-MSQDs 

have one miniband more than spherical CTER-MSQD. 

But, the minibands of the cylindrical CTER-MSQD 

are wider. For cylindrical systems with the number of 

wells greater than a critical value, the first minigap 

width is approximately fixed when the number of 

wells increases as its position experiences a blue-shift. 

But for spherical systems, there is not a general 

statement. By increasing the inner quantum dot radius 

(R1), the minibands turn into some discrete sub-band 

energy levels while at the same time, the number of 

minibands gradually decrease. The first minigap 

position undertakes a large blue shift when the inner 

QD radius R1 increases. Thus, the number of wells, 

hydrogenic donor impurity, and quantum dot & ring 

radii could be used as a tuning tools to have a system 

with the special number of miniband and miniband 

widths. 
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