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ABSTRACT

In this study, a set of self-consistent coupled-integral equations for the local
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Accepted 25 March 2020 cylinder under an axial magnetic field has been directly derived by using the
Available online 12 April 2020 Bjot-Savart law within the framework of the critical-state model. The

equations were first solved numerically in the three-dimensional space before
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Hollow cylinder assumed the contribution of the flux penetration from the inner surface of the

Magnetic Field

© sample to be higher than that of other surfaces. It is found that the variation in
Critical state model

the area of lateral surface changes the magnitude of the magnetic moment of
the finite hollow cylinder in the applied magnetic field. The obtained results
are in good agreement with calculates. The formalism presented here can be
used for an arbitrary shape of the superconducting system in the presence of
any magnetic field dependence of the critical current density J.(B) in an
external magnetic field of arbitrary direction.

magnets [7], nuclear magnetic resonance (NMR)
devices, and electronic applications [8-10].

1 Introduction

Recently, various properties of high-temperature
superconductors (HTS) have resulted in the
appearance of vast application areas. Depending on
applications or fundamental properties, HTSCs have
been considered as bulk thin films. The sensitive
magnetometers, e.g. scanning  superconducting
quantum interference device (SQUIDs) are very
important for the investigation of the magnetic flux,
flux penetration, current density distributions, and non-
destructive measurement in thin films [1, 2]. The bulk
materials are useful for shielding purposes [3-6] for
instance fusion reactor containment vessels, large
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According to Maxwell equations (V xB = ,uof), when
an external magnetic field is applied, the induced
shielding current flows in the direction perpendicular
to the external magnetic field, so-called as the
screening current. When the applied field is not
sufficiently strong, the internal magnetic flux density

(§) of the superconductor will be zero, and screening
currents will flow in a certain distance of the surface
called the penetration depth. This is while when a
sufficiently strong magnetic field is applied, the
current density penetrates throughout the sample
which prevents the internal field to be zero. This
situation and the corresponding current density are
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respectively regard as a critical state and a critical
current density [11].

Studies regarding the magnetic behavior of high-T,
superconductors have shown that the critical current
density, J.(B) , depends intensively on the local flux
density (B—)) [12]. The critical state models (CSMs),
introduced by Bean [13] and Kim et al. [14], were
found to be powerful studying
superconducting properties. Bean’s model is based on

tools for

the assumption in which the critical current density (J,.)
is independent of §, while in other models, it is
assumed that J. depends on the local flux density.
J-(B) in Kim’s model is given as
J.(B)=J_ I(1+|B(F)|/B,), (1)
where Bj is the scaling field while /. is the Kim’s

critical current density. We B, =1

throughout the calculations.

suppose

The exponential model expresses the relevance of flux
and critical density as

J.(B)=J exp(-{B(F)|/B,) . )

The magnetic moment of a superconductor is given by

m= % (%I d°r. (3)

The magnetization (M), which can be calculated via

M= m/V (V; the sample volume), is an irreversible
property in superconductors. In other words, when the
applied magnetic field reaches the initial value, the
system does not reset to its virgin state; and thus, the
hysteretic effects occur. In addition, magnetization
determines the volume of flux which is penetrated by
the induced shielding currents [15, 16].

The macroscopic behavior of superconducting slabs
[17-20], disks [16, 19-20], spheres [21], and cylinders
[16, 20-25] in parallel and axial fields have been
investigated by using critical state models. Brandt [16,
24-25] used the critical models for circular disks, long
and finite cylinders, and ring samples in a
perpendicular magnetic field. Zeldov et al. [17] have
studied an infinitely long thin film strip. Zhu et al. [19]
also used the disk-shaped thin film. Babaei et al. [26]

studied a current-carrying superconducting Corbino
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disk. McDonald et al. [27] and Clem [28] studied a
critical state model for the nonlinear ac response of a
superconducting coaxial-type transmission line. They
considered a sample where the outer conductor was a
superconducting cylindrical shell while the inner
conductor was a superconducting wire of elliptical or
rectangular shape. By employing a simple circuital
model and considering the mutual coefficient between
the circuits representing the current loops in the
system, Luca [29] also studied the field-cooled
magnetic behavior of type-I superconducting cylinders
consisting of one or two holes. Araujo-Moreira et al.
[30] and Sanchez et al. [31] have presented a model to
understand the current flow and field penetration in
finite type-II superconducting cylinders. Douglass [32]
and Arutunian et al. [33-34] derived the Gibbs energy
and order parameter for a thin hollow superconducting
cylinder via the Ginzburg-Landau theory. Masale et al.
[35] and Yampolskii et al. [36] have also investigated
the effective radius of mesoscopic superconducting
hollow cylinders in the range of validity of
phenomenological Ginzburg-Landau theory. The
Gibbs free energy calculations for superconductors are
useful to study the thermo-dynamical properties and
phenomenological studies. In another attempt, some
numerically the
superconducting properties of a finite superconducting
tube by using the Bean model [37]. Sheha et al. [38]
have obtained the curved flux line effects in a type-II

researchers  have calculated

superconducting hollow cylinder when an external
magnetic field was applied inside the hollow region.
Algadi and his co-researchers have analyzed the
interaction between a cylindrical magnet and a
superconducting hollow cylinder in the Meissner state
by using the dipole—dipole model [39]. Altshuler et al.
[40] calculated the free energy in a superconducting
hollow cylinder by considering the penetration of
circular vortices. Additionally, in another work [41],
they utilized Bean’s and Kim’s models to a type II
superconducting hollow cylinder in the presence of a
current-carrying coaxial wire. Fagnard et al. [42] have
studied the magnetic shielding behavior of
superconducting hollow cylinders both experimentally
and theoretically by using a nonlinear E () constitutive
model in Kim with negative power laws. In another
work [43], they studied a finite superconducting
hollow cylinder having two slits in a vertical plane
along a diameter. Frankel [44] also developed a model
for flux trapping by superconducting tubular samples
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in transverse fields. Holguin et al. [45] have prepared a
superconducting hollow cylinder and measured its
magnetic flux. They found that the magnetic field
penetrates throughout the sample and reaches the hole
after a time delay.

Based on the aforementioned results obtained by other
researchers, we studied the induced magnetic field,
current density distributions, and magnetization
hysteresis loops for a finite 3-D hollow cylinder
located in an applied axial magnetic field in the
absence of a transport current. For this purpose, we
used a numerical 3-D standard model by means of
three critical state models. This method is based on the
numerical solution of a series of self-consistency
coupled-integral equations to determine the current

density, /.., inside the superconductor.

The outline of this study is as follows. In Section 2,
we present three-coupled integral equations for the
three components of the magnetic flux density by
implementing the Biot-Savart law in the external
magnetic field. This is repeated for the Bean, Kim, and
exponential models to obtain the dependence between
the local magnetic field and the radial coordinate in a
different external magnetic fields. In Section 3, the
magnetization hysteresis loops are calculated for the
aforementioned models. Section 4 presents the results
and discussions. The conclusion is given in Section 5.

2 Magnetic field profiles and current
density in a superconducting hollow
cylinder

We considered a superconducting hollow cylinder
with an inner radius of R4, an outer radius of R,, with
height of L. We have Assumed L > R, — Ry > 4,
where A is the London penetration depth. The
parameters R, and L are taken smaller than the 2-D
screening length [17]. The origin of the coordinate
system is at the center of the hollow cylinder so that
the cylinder axis will be parallel to the +z-axis, see
Fig. 1. By employing a uniform external magnetic
field (B,) in a
superconducting cylinder,

zero-field-cooled  hollow
the

current will flow azimuthally. If B, is assumed to be

induced shielding

large, the magnetic flux penetrates through the hollow
cylinder and its hole.
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Figure 1. Schematic of a finite superconducting hollow cylinder in
a parallel applied magnetic field.

However, the three components of the magnetic flux
density in reduced units can be calculated by using the
Bio-Savart law as

B; _ f}g dv'jf; (7,7
Be ) (VPG)

B. = o ]cR22/47Ts J@® = ]c(F)/
J.. This is while J.(7) represents the current density in

4

where i = p, @, z,

the azimuthal direction with J. possessing a constant
value. We write

[, (7. 7)) =cos(¢’—p) (2"~ 2), (5)
f,(7, 7)) =sin(¢" - ) (2"~ 2), (6)
f.(F,7F)=p = psin@ - @), (7)

P(F,7)=p*+p”=2pp cos(¢’— @)+ (z'—2)*. (8)

By substituting Egs. (5)-(8) in Eq. (4), we obtain a
system of three self-consistent integral equations that
can be solved numerically by the Newton’s method.
According to Newton’s method, the equations can be
written as B; = 0. Initially, we estimate a solution
point, 1y, for B;(r) =0 in where i = p, @,z before
Taylor expanding B;(r) around the specific point.
Thus, we have

B.(r)=0=B,(r,)+(r,—1r,) B/(r,) - ©)

In the next step, we obtain the solution point from
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r=r,—B )/ B/ () . (10)
By repeating Eq. (10), we can obtain the real roots of
B;(r) = 0 from

Fea =T _Bi(rk)/Bi,(rk)' (1)
Finally, the three components of the magnetic flux
density are obtained. The critical current density may
be determined for Kim and Exponential models by
Egs. (1) and (2). The results obtained from the profiles
of the critical current and local flux densities at z =

L/2 for three magnitudes of the applied magnetic field
are shown in Figs. 2 and 3, respectively.

c

JBE)/J

Figure 2. The profiles of critical current densities versus the radial
distance at z = L/2 for three applied magnetic fields and three
different CSM models. Solid, dashed, and dotted lines show results
of the Bean, Kim, and Exponential models, respectively.
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Figure 3. The profiles of total local magnetic flux versus the radial
distance at z = L/2 for three applied magnetic fields and three
different CSM models. Solid, dashed and dotted lines show the
results of the Bean, Kim, and Exponential models, respectively.
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3 Magnetization and hysteresis loop

In this section, we obtain the magnetization and
hysteresis loops in accordance with the resulting
profiles for critical current and local flux densities for
the Bean, Kim, and Exponential models. The three
components of magnetization regarding the sample can
be determined according to Egs. (12)-(14):

M 1

_P= _ B2 Yol

M, Zng dv'z'J(), (12)
14

M

—£ =0, (13)

MZ 1 DN T4
= aveua, (149)
Vv

with

o |((R2 = RDIZ\®  [(RE — RHL\"
e ) [

where we have

MZ + MZ + M?

M(Bg,Jo) = M2

(15)

In order to obtain the hysteresis loops, we initially
calculate the negative magnetization, M;(B,,J.), by
decreasing the applied magnetic field from +B, to —-B,
before calculating M;(B,, /) by increasing the applied
magnetic field from —Bj to +B. As explained by Zhu
et al. [19], when B, varies from B, to 0, the critical
current and flux densities are respectively represented
by J. and B,. However, these parameters can be
substituted by 2J,. and By—B, when B, decreases from
0 to —By. As a result, the general expression for the
negative magnetization is:

M, (B,.J,)=M(B,,J.)-M( B,-B,,2J.), (16)
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In the increasing range of B,, magnetization will be
calculated according to

M. (B,.J)==M(-B,.J). (17)
The virgin state of magnetization can be evaluated by
increasing the applied field from O to +B,. In general,
the magnetization hysteresis loops can be obtained as
follows: initially, we vary B, from —B, to +B or vice
versa before calculating the components of the local
flux density via Eqgs. (4)-(8) by following the
algorithms explained in Section 2. By implementing
these components and Eq. (15), the magnetic flux
distribution when the external magnetic field varies
from -B, to +B, is calculated. It is worth noting that
By is the maximum value that B, is able to gain. The
obtained results are shown in Figure 4. Subsequently,
we used the components of the local flux density in
Egs. (12)-(14) and calculated the components of
magnetization for various values of B, . The initial
magnetization could be calculated by Eq. (15).

6 T T T T
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LR = 4. :
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Figure 4. The profiles of total local magnetic flux versus the radial
distance in normalized units as the applied magnetic field B, /B, is
reduced from 3 to -3. Solid and dashed lines show the results of
Kim’s and Exponential models, respectively. The arrows indicate
the decreasing direction of Bj.

The magnetization hysteresis loops of the sample
implemented in the Kim and Exponential models were
obtained by using the initial magnetization in
Egs. (17)-(18). On the whole, all the calculations were
carried out using the Fortran program where the results
have been presented in Figure 5.
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Figure 5. The magnetization hysteresis loops of Kim’s and
Exponential models at three applied magnetic fields in reduced
units for B, /B.. The circular and star symbols show the results of
Kim’s and Exponential models, respectively. The arrows indicate
the increasing direction of By.

4 Results and discussion

As seen in Figure 2, the normalized critical current
densities for the Kim and Exponential models are
generally smaller than those of Bean’s model. In
addition, it can be observed that the local field
dependency of J. is significant for the Kim and
Exponential models, especially when B, > 2B, see

[TPRL]

curves “c” in Figure 2. The critical current density
reaches a maximum value at the outer surface and a

minimum at the inner surface.

We assumed that the flux starts to penetrate from the
inner lateral surface of the sample and the shielding
currents flow inside the sample, generating a magnetic
field within the hole, see Figure 3. In addition, the flux
will reach a maximum value in the middle of the
sample (B(r = 0) > B,) due to easy penetration of the
flux into the hole without encountering a trap. These
results are consistent with Lousberg et al’s [37]. Also,
it can be seen from Figure 3 that the flux density
reduces from 0 to R, because the positive applied field
is constant all over the surface; however, the negative
magnetic field is induced by the increasing shielding
current.

Increasing the exerted magnetic field causes an
increase in flux penetration from the inner surface into
the superconducting body so that the whole field
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profile is mainly shifted upwards, and the total
the magnetic field remains
unchanged. The similar results were reported by
Lousberg et al [37].

behavior of local

Figure 4 shows that the magnetic flux distribution
varies for different histories of the external condition
due to the irreversible behavior of the superconductors.

Figure 5 shows that the peaks are situated at negative
B, on the downward branches of the major loops for
both dependence models of J.(B), Kim’s
Exponential, due to the fact that the geometry
considered in this study is parallel, similar to
Karmakar’s [46]. It is clear from the figure that by
increasing the applied magnetic field, the penetrated
volume of super-currents increases. The magnetic
susceptibility in Exponential model is higher than that
of Kim’s model showing that the volume penetrated by
the induced super-currents in Exponential model is

and

higher than that of the Kim model. In accordance with
Brandt’s results [24], it can be stated that the obtained
finding is the result of the saturation value of m
depending on the ramp rate of B,. Therefore, when the
applied magnetic field is higher than that of full
penetration, the relative variations of B(r) becomes
small compared to the average value of B, and
approximately equal B,.

The results of the magnetic moment versus the applied

magnetic field are shown in Figure 6 for a given R, at
three different values of L/R,. It is evident that the
magnitude of magnetic moment decreases when the
height of the cylinder in Kim and
Exponential models. The results show that the area of
lateral surface has an effect on the magnitude of
magnetic moment of the sample. For a finite hollow
cylinder, the flux lines spread out close to the outer
surface because of the demagnetization -effects.
Consequently, the shielding currents flow in an
expanded region at the periphery of the
superconductor. The obtained results are the same as
those obtained experimentally by Fagnard et al. [47]
and Denis et al. [48-49].

increases
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Figure 6. The results of magnetic moment component versus the
applied magnetic field for Kim’s and Exponential models at three
different ratios of L/R, equalt to 1, 5, and 10. Solid and dotted
lines indicate the results of Kim’s and Exponential models.

5 Conclusions

In this study, we studied the magnetic behavior of a
finite superconducting hollow cylinder in an external
magnetic field within the framework of the critical
state models. We carried out all the calculations in 3-D
coordinates and presented a numerical method for
calculating the local magnetic flux, current density
distributions, and magnetization hysteresis loops in a
superconducting sample. We obtained all the results in

the absence of a vector potential, A(r_)), or the Green's
function, indicating that the method used in this study
is much more accurate than taking the numerical
derivative of the mentioned methods. It was concluded
that the local flux and current density profiles are both
sensitive to the J.(B) dependent models. We found
that the field profile depends on the value of the
applied magnetic field; however, the total behavior of
the local magnetic field did not change. By changing
the applied magnetic field, the dependency of the
magnetic flux distribution on the histories of the
external condition was seen for superconductors. In
addition, the results revealed that the area of the lateral
surface affected the magnitude of the magnetic
moment. We believe that the calculations used in this
study can be useful to study the features of
superconductors having arbitrary shapes in an external
magnetic field.
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